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A fast accurate approximation method with multigrid solver is proposed to solve a two-
dimensional fractional sub-diffusion equation. Using the finite difference discretization of
fractional time derivative, a block lower triangular Toeplitz matrix is obtained where each
main diagonal block contains a two-dimensional matrix for the Laplacian operator. Our idea
is to make use of the block e-circulant approximation via fast Fourier transforms, so that
the resulting task is to solve a block diagonal system, where each diagonal block matrix is
the sum of a complex scalar times the identity matrix and a Laplacian matrix. We show
that the accuracy of the approximation scheme is of O (¢€). Because of the special diagonal
block structure, we employ the multigrid method to solve the resulting linear systems.
The convergence of the multigrid method is studied. Numerical examples are presented
to illustrate the accuracy of the proposed approximation scheme and the efficiency of the
proposed solver.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Consider an initial-boundary value problem of two-dimensional fractional sub-diffusion equation (FSDE) [5,24]:

§DYu=V-(p(x.y)Vu) + fx.y. 1), (. y) €2, 0<t<T, (11)
u,y,t)=9¢(x,y,t), (x,y) €082, 0<t<T, (1.2)
UX Y, 0=y ), X y) €2=02Ud2, (13)

where 2 = (x;,xg) X (yr, Yr) is a rectangular domain, V-(p(x, y)Vu) is the elliptic operator, p(x, y) is a smooth positive
function such that V(x, y) € £2, p(x, y) > po > 0 with pg being a constant, 92 is the boundary, f(x, y,t) is the source term,
ng‘u is the Caputo’s derivative of order o (0 <« < 1) with respect to t defined by

t
1 u(x,y,s) _
C o o
D! = — 14
0
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with I'(x) denoting the gamma function, ¢ (x, y, t) and ¥ (x, y) are the given Dirichlet boundary condition and initial condi-
tion, respectively.

The FSDE is a class of fractional differential equation, which has been widely and successfully used in modeling of
description of fractional random walk, anomalous diffusive systems, unification of diffusion and wave propagation phe-
nomenon; see [1,4,12,17-19]. Since analytical solutions to FSDEs are often unavailable, many numerical schemes are pro-
posed for solving sub-diffusion problems (see [5-7,21,22,24,25]). The fractional differential operators are nonlocal, which
leads to a character of history dependence and universal mutuality (see [24]). Hence, the computational cost is too expen-
sive for solving the discrete problems obtained from the FSDE. This motivates us to develop fast algorithm for numerical
schemes. More precisely, the associated coefficient matrix having N x N blocks is usually of block lower triangular Toeplitz
(BLTT) structure with each block being of size M? x M? when certain numerical scheme is applied on the FSDE (1.1)-(1.3). In
general, direct solvers for the BLTT linear system are often time consuming. For example, block forward substitution method
[8] as a direct solver requires at least O(N2M? + NM#) operations. When N or M is large, the number of operations for
direct solvers becomes very large. Therefore, direct solvers may not be considered when the matrix size is large.

Block forward substitution method combined with some efficient iterative solvers for BLTT linear systems may reduce
the complexity to O(N?M?) operations and only require O(NM?) storage. Alternatively, Zhang and Sun in [24] proposed
the alternating direction implicit schemes for solving high dimensional FSDE whose resulting BLTT linear system can be
directly solved with O(N?M?) operations and (O(NM?) storage requirement. Nevertheless, their method is only available
for p(x, y) being a constant. Meanwhile, it has lower temporal accuracy compared with the non-ADI scheme. Even so, both
of the above mentioned methods are still expensive, when N is large.

In order to reduce the computational cost, recently, Lu, Pang and Sun [15] proposed an approximate inversion method
(AIM) for solving BLTT linear systems, which can be applied to the one dimensional FSDEs. More precisely, the corresponding
BLTT matrix is firstly approximated by the block e-circulant matrix [3,14], which can be block diagonalized via fast Fourier
transform (FFT). Each block is a tri-diagonal matrix for the one dimensional case. Therefore, they can be inverted easily. The
accuracy of the approximation scheme is shown to be of O(¢) under some sufficient conditions.

In this paper, we extend the AIM to solve the two-dimensional case. As in [15], the resulting discretized BLTT matrix is
approximated by the block e-circulant matrix via the FFT. Unlike that in [15], however, each block is no longer a tri-diagonal
matrix since it is from the two dimensional problem. Indeed, to the two dimensional case, after block diagonalizing by the
FFT, the resulting diagonal block matrix is the sum of a complex scalar times the identity matrix and a Laplacian matrix.
Therefore, it would be extensive to invert it directly. To lower the computational workload, we propose to exploit the
multigrid method (MGM) to solve the complex scalar shifted Laplacian linear systems, and establish the convergence of the
corresponding multigrid solver. We also investigate the resulting BLTT matrix to satisfy the condition which can guarantee
the accuracy of approximation to be of O (¢).

The proposed algorithm consists of two parts. The first part is for block diagonalization. The second part is for multigrid
solvers. The computational cost is of ((M?NlogN) operations and the storage cost is of O(NM?) storage, respectively.
Numerical examples are presented to illustrate the accuracy of the proposed approximation scheme and the efficiency of
the proposed multigrid solver.

The rest of this paper is organized as follows. In Section 2, we propose the approximation method for solving (1.1)-(1.3)
and study the accuracy of the method. In Section 3, we use the multigrid method for solving linear systems generated by
the approximation method, and analyze the convergence of MGM. In Section 4, experimental results are presented to show
the accuracy and efficiency of the proposed method. Finally, some concluding remarks are given in Section 5.

2. The approximation method

In this section, we propose the AIM for solving (1.1)-(1.3) and give a sufficient condition to guarantee a high accuracy of
the AIM.

For a positive integer N, let t = T/N, t; =nt (0 <n < N). Define the time-grid {t;|0 <n < N} for discretization of
[0, T], {u" =u(-,t;)|0 <n < N}. For a given function w(t) defined on t € [0, T], define grid function {w" = w(t;)|0 <n < N}.
Without loss of generality, we assume the approximation to ng‘WIr:rn to be

n
EDEW|iy, ~ DEW" := Zg,(ﬁ)iwi +gmDw0  1<n<N, (2.1)

i=1
where g,.(“) i=0,1,...,N), g&® (i=1,.. N) are constants dependent on «, i, and N, which vary in different finite
difference schemes. We denote by B ]R’V’ZXMZ, the discretization of the elliptic operator —V-(p(x, y)Vu). We assume that

there are M2 spatial unknowns to be determined. Applying (2.1) and B to the FSDE (1.1)-(1.3), we obtain a BLTT linear
system as follows:

Au=b, (2.2)

2

where u= (u',u?, ...,u") is the unknown to be solved, b is a given vector containing information about f, ¢ and ¥ on

grid points,



206 X.-L Lin et al. / Journal of Computational Physics 323 (2016) 204-218

A=Ty @Iy +1y @ (g5 Iy +B).
where I denotes the k x k identity matrix, Ty is a lower triangular Toeplitz with its first column being (0, gi“), gé“), -

g;\,a,)1)T, “®” denotes the Kronecker product.

Let € be a small positive number. The BLTT matrix A can be approximated by [15]

Ac =A+ €Ty @1y, (2.3)

where Ty is an upper triangular Toeplitz matrix with its first row being (0, gg\]”_)],g,(\f‘_)z, ggo‘)). It is interesting to point

out that A¢ is called a block e-circulant matrix.
Let Ds = diag(1, 6, ..., sN~1) with § = ¥e€; the N x N Fourier transformation matrix be given by

1 o N 2mi
Frn — [ <z—1>(1—1>] . w=exp(=), i=+—1.
N N it p( N )

We note that the block e-circulant matrix A can be block diagonalized by means of a combination of Fy and D; as
following [15]

Ac =07 'F}) @ Iy | diag (Ao, Ad ... A1) [(BNDy) @ o] (2.4)
where
N-1 ) )
A=B+ | 8/g® | I, k=01.... .N-1. (2.5)
j=0

From (2.3) and (2.4), we obtain

u =A-b= [(DglF;;) ® IMZ] diag (Agl, AN A,;Ll) [(FNDs) @ Iz ]b (2.6)
as an approximation to u by replacing A in (2.2) with A¢, where the nonsingularity of A is guaranteed by Theorem 1.

In order to measure how well the approximation u. is to u, the exact solution of (2.2), we refer to theoretical results in
[15] which are stated as following.

Theorem 1. (See [15, Corollary 10]) Assume

N-1

@Y [¢ @ _

gy = Z g'l. | max g =0 2.7)
Jj=1

B is a nonsingular M-matrix, (2.8)

where definition of the terminology “nonsingular M-matrix” is given in [15]. Then,

i) the block e-circulant matrix A¢ is invertible for 0 < € < 1; and
ii) there exists a nonnegative constant c depending only on A such that

|t —A",

<[14+c+e€)]e =0(),
1A,

iii) if u is a nonzero vector, then
[lu—uel|oo

<e[l+c(1+e)lk(A),
lulloo

where k (A) = ||A™!||oo||A||so denotes the condition number of A.

Remark. Theorem 1 shows that if the assumptions (2.7)-(2.8) hold and the condition number « (A) is not too big, uc is a
good approximation to u whenever ¢ is small enough. Indeed, the assumption (2.7) is valid for two most popular difference
schemes. One is L1 approximation (see [24]). The other is L2-1, approximation (see [2]). Moreover, the assumption (2.8)
is valid for a number of numerical methods; for examples, central difference discretizations on nonuniform grids, high
order finite difference methods [9,16], finite element methods [11,20], and high order compact difference schemes [13,
23]. Furthermore, the assumptions (2.7) and (2.8) imply the invertibility of A, hence the AIM for solving (1.1)-(1.3) makes
sense. In the rest of this paper, we always assume that (2.7) and (2.8) hold. On the other hand, theoretically, the condition
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number x(A) in iii) of Theorem 1 may depend on the size of A and which discretization scheme is applied. However,
numerical results in Section 4 show that u. approximates u very well and the matrix size does not affect the accuracy of
the approximation.

The proposed algorithm for (2.6) can be written into the following four steps:

Stepl Compute b = [(FNDa) ®IMz]b, (2.9)
Step2 Compute A fork=0,1,...,N — 1 by using (2.5), (2.10)
~ ~ - - T
Step3  Solve Ap_1itk =b* for ik, k=1,2, ..., N, withb:((bl)T, (bz)T,...,(bN)T) , (2.11)
1 ~ ~ SUNT =28T N\ T\
Step4 Compute ue = [(Dg FY) ®le]u€, withu, = ((us) g, .., ) ) . (212)

Rewrite b as b= ((b)T, )T, ..., (bN)T)T with b¥ € RM**1 (1 <k < N). It is easy to check that (2.9) and (2.12) are
equivalent to

N
- 1 S
bk“:—Zakabe“, k=0,1,...,N—1, (213)
—1 N-1
k+1 ) —kj~Jj+1
ukt =_Zw /", k=0,1,.,N-1, (2.14)

respectively, where uc = ((uH)T, @?)T, ... (uN)T) . From (2.13), (2.5) and (2.14), we see that (2.9), (2.10) and (2.12) can be
implemented with O(NM?log N) operations and (O(NM?) storage requirement by using FFTs. Hence, (2.9)-(2.12) for solving
the FSDE (1.1)-(1.3) requires O(NM?2logN) + Z(M, N) operations and O(NM?) + (M, N) storage, where Z(M, N) and
(M, N) denote number of operations and storage required by (2.11), respectively. It is noticeable that

N-1 N-1

A=B+ | 6o Mg |y =B+ | 6l Pig® | lyp = Ay, 1<k<N-1,
j=0 j=0

. q N 1 N1 o .

bk+1 — ﬁ ZSJw—kijH - ZSJCU(N_k)Jb]H :bN_kH, 1<k<N-1.
j=0 j=0

That means uk+l is just complex conjugate of uN —k+1 respectively for 1 <k < N — 1. Hence, we only need to solve first

half of the lmear systems in (2.11), which sngmﬁcantly reduces Z(M, N) and _Z (M, N). In the next section, we propose the
MGM to solve (2.11). And it is shown in Section 3 that both Z(M, N) and _# (M, N) are of O(NM?) by the MGM. Thus, we
in advance conclude that the AIM with the MGM (AIMGM) requires only O(NM? log N) operations and O(NM?) storage for
solving (1.1)-(1.3).

3. The multigrid solver

In this section, we study the MGM to solve a sequence of linear systems

Ap_af =b*, k=0,1,.., [N/2] +1,
where |-] denotes the floor function. For simplicity, we neglect the subscripts and rewrite these linear systems as follows:
Ax =Yy, (3.1)
where y denotes b* for some k. According to (2.5), A can be written as

A:B+VIM2, (32)

N-1 . .
where y denotes Y Bfgﬁ.“)u)"f for some k. Since A is of size M2 x M2, A can be a huge matrix if M is large. Moreover,
j=0
A has complex diagonal entries. We may consider to solve iterative solvers by solving the normalized equations of (3.1)
or transforming (3.1) into a larger real linear system. The disadvantage is that the condition number of the corresponding
linear system may become larger which leads a slower convergence rate.
In this paper, we study the structure of A and note that A is a shifted discrete elliptic operator with complex shift y.
Meanwhile,
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N—-1 . N—-1
1 _ : 2k
Ry)=+7)=) 8 cos(T’)g;"‘) >g" - > ‘g}“)‘ >0, 0<k<N-T1, (33)
Jj=0 j=1

where R(-) denotes real part of a complex number. That means condition number of A does not exceed that of B. We make
use of multigrid approach to solve the linear system in (3.1) directly.

We denote by I/, l',; and ., restriction operator, interpolation operator and smoother. Define a sequence of spatial
grids-size such that My < M3 < --- < M; = M, where M; =2! — 1 and M, denotes that spatial grids-size at coarsest level.
Also, we denote by BY), B defined on the M; x M; spatial grids. Let A® =B® + ¥ly2- Then, one iteration of MGM is given

by

Algorithm 1 Single step of MGM(v, q).
function u" =MGM(i, ug, f", q)

if i ==2 then
uh = (AD)~1fh,
return u”;

else

iterate u" = Z(AD ' u") v times with initial guess ug; %presmoothing
e=MGM(i — 1,0, 1! (f' — ADu"), q); % 0 denotes zero initial guess
if i > 3 then
for j=2:q
e=MGM( —1,e, I (" — ADuh), g);
end
end if
u" = u" + 1%, e;%correction
iterate u" = Y(Am, fi, uh) v times; %postsmoothing
return u;
end if
end

We furthermore define MGM(v, q) iteration for solving the system (3.1) as follows:

Algorithm 2 MGM(v, q) iteration.

Set: u® =0; r® —y;
do
u® = MGM(l, u*y, q);
r =y — Au®; %compute current residual

. (k) . o
until H:“"Hm <1078 %stopping criterion

Let us estimate the complexity of Algorithm 1 with different ¢ and v. We denote by [7(M) and R(M), the amount of
memory and number of operations required in Algorithm 1 respectively. Let J; denotes the amount of memory required by
Algorithm 1 at level i (2 <i <1I). Then, by Algorithm 1, we have

Ji<aM?, i>3, Jr=ca, (34)

where c; is a positive constant independent of [, i, v, and ¢, ¢ is the amount of memory required by Algorithm 1 at the
coarsest level. Moreover,

5 .
Mi+1 ) (21+1 _ 2)2 B

inf - 35
iz2 M? Tiz2 (21-1)2 (3:3)
Hence, we by (3.4) and (3.5) have
l l
JM)=Y " Ji<ca+c1 Y M;
i=2 i=3
I I—i 2—1 2 2
1 4(1 —4 )C]M 4C1M
§cz+c1MIZZ<Z> :Cz+flfcz+ 3 L= owm?). (3.6)
i=3

(3.6) shows that Algorithm 1 requires amount of memory proportional to number of unknowns in (3.1) for any positive v
and q.

We denote by R;(v,q) (i > 2), the number of operations required by Algorithm 1 with M = M;. Note also that v times
of smoothing iteration at level i (i > 3) requires at most c;vMi2 operations with c3 being independent of i, [, v and q. By
Algorithm 1, it holds following recursive inequalities,
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Ry(v.q)=cs. R3(v.q) <c3VN3+Ra(v.q). Ri(v.q) <c3vM; +qRi_1(v.q), i >4, (3.7)
where c4 is the number of operations required at the coarsest level in Algorithm 1. By (3.5) and (3.7),
c3VM} c3VM} )
R3(v,q) < A3 + Ca, Ri(v,q) < 2 +qRi_1(v,q), 4<i<l (3.8)

Then, it follows trivially from applying induction to (3.8) that

2
Ly |, 1<q<3,
1
Ri(v. q) < q'3cs + c30M? (%) <{evl—2M2 +¢3cs, q=4, forl > 3. (3.9)
i—0 3.1 122
l I+ d 3, g5,

With (3.9), we finally have following theorem.

Theorem 2. Take 1 < q < 3. Then,
R(M) < csvM?,

where c5 = 4c3 + ¢4 is a constant.

Proof. It follows from (3.9) that

4c3vM? 4c3v Ie 4c3v 3lc
R(M)f(% +q’3c4>:( ELA N Ny el t__ | M? <csvM?,

4-q @' -1

which completes the proof. O

In the next subsection, we analyze the convergence of MGM for this special complex scalar shifted Laplacian linear
system. In particular, we consider and study central difference approximation to the elliptic operator.

3.1. The convergence analysis of two grid method

In this subsection, we first analyze the convergence of two grid method (TGM) [10].
We assume p(x, y) =n for some positive constant 77 and define

1 2 1
H 1 h H\T 12 1
I =glel t=aa). )= . : (310)

121
B = blocktridiag[H, G, H], H = —nph~2ly, G = unh~?tridiag[—1, 2, —1] 4 2nh ™21y, (3.11)
h=(yr—y)/M+1), n=(yg — yo)*/xg — x)%.

Denote G =G + yIm. Since B is defined, A is defined. Furthermore, we define . for (3.1) as the weighted block Jacobi
(WBJ]) smoother:

1 .
X = 7 (A% =5+ - (lu o 67y, (312)

where S=1,; — % <IM ®ﬁ‘l) A denotes the iteration matrix of .#, x is an initial guess. Similar to (3.12), we can define

WBJ smoother for linear system with coefficient matrix A® and arbitrarily given right hand sides. Therefore, the iteration
matrix of TGM is given by [10]

T(v) :=S"K,S",
where K’;, is the correction operator defined by
K =1-1,A A,

with Ay denoting A on coarse grid and I denoting the identity. Hereinafter, we make notations:
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K={1,2,..M}, K ={1,2,..M—1}, M=M+1)/2, K=K U{M},

i . .y . .
= —, '=M+1-—1i, =M+1-—j, Vi,jek.
=M J J J
Define two dimensional sine transform as
2 .M .M
Q= Ml [sm(zej)],.’j:1 ® [sm(z@,-)],.’j=l )
For a complex vector
2
E = (E11s -os EM1, 6124 wos EM2, oo E1M, oo )T € YT, (3.13)
where C™*" is the set of all m x n complex matrices, define the permutation matrix P such that
- A £ A A A 2 T M?x1
PE = (E11, ..., Efy1> E12, oy Bjjfgs eevee s By - B €C x4

with
ij = &ij, &ijr. &vjp &), () e KT x K, @Mj = EyjrEmy)s JeK
i = G- Svm)- 1€K' S =&
Lemma 3. S = Q'SQ, where Q = PQ and
§=diag (§11, §M1, 312, oy S eeees , 3“\—,,, 3,\-/,,\-/,),
with
§i]- = diag(rij, rij, v, 1), (i, ) €K x K, §1\7Ij =diag(ryy; . Tigj), J € K,

§iM:diag(rl~M,r,-,M), iEKr, SMM:rMM’
i Ly cosd;j
Y2 qusin® () +yr+2

(i,))eKxK, y*=n"h?y.

Proof. Ve € CM*x1, we denote & = Se. Rewrite e and & in the form of

e=[e), )" ...em)"", ex=(e1 e ...em), kek,
e=[@h @"...@m"T", &=ECu eu .em)'. kek
By (3.12), it holds that
0.5Ge; +0.5nh—2e;, =1,

Gé; = 1 0.5Ge; +0.5nh 2(e;_1 +eq), 1<Il<M, (3.14)
0.5Gey + 0.5nh~2ey_1, =M.

Let E = ML_HQTe be of the form in (3.13). By orthogonality of Q, e = @QE. We furthermore have
eu=»_  &sinke)sin(e)), (k.)eKxK. (3.15)
(i,j)eKxK
Expand e in the similar form
Gu= Y &jsin(ke)sin@9)). (k.D)eKxK. (3.16)
(i,j)eKxK
By (3.14), (3.15) and (3.16),
> &Eysinkey)sindo) = Y myé&jsin(ke;)sin(e)), k.I€K,
(i,j)eKxK (i, ))eKxK

where

8i =2nh~% +4unh=2sin®(6;/2) +y, nij=0.58 + nh~>cosdj, i,jekK.
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Hence,
Ej =68 "ny&j =ry&j, i,jeK (3.17)
Combining (3.17) and (3.16), we obtain
. M + 1 _ 14 M+1__ 1. 2 T S Tax
Se—e= P'SPE=—-QP SP|{—Q'e ) =Q SQe.
— QPSP ( - Qle) =Q'5Q

Taking e over all columns of identity matrix, the proof is complete. O

Lemma 4. (See [10, Theorem 8.1.4]) Let Q be given by Lemma 3. Then, the correction operator I(’}_, satisfies that
Kl = Q'K Q= Q'diag (K11, .-, Kigps K12 s Kigos oo Kyfips -0 Kiin) @
where
Kij=ls—dg ' TG, DI DAY, Ky =Ky = diag(1, 1), i, je K, Ky =1,
with
A}(jj) = diag(dij, dij’s di/j’ di/j/), i je K x K",
dij = 4(ae; +baj) + v, (0, j) € (K\ (M}) x (K\ {M}),
dij = 4@aifi +bajpp +y, (i, ) e K x K,
| o s sH 0T
Iy (@, ) = S1Bi), —Bictj, —atifj, cuierj], I’;,(I,J)=4(I,§’(l,1)) . ijeK,
oci:sinz(@,-/Z), ﬂi:cosz(ei/Z), iek, b:nh‘z,azub.

Lemma 3 and Lemma 4 show that S and K’;, can be simultaneously block diagonalized by Q. Furthermore, we have
following theorem.

Theorem 5.
Co
NITW)[l2 < —=, Vv =, (3.18)
v—2
where
l 3 I/L+1 ay+2 /1/“1‘2 2a,+4 ;
Vo = — + -, Co=max{4a ,a ,2(u” 1
0 M+2p,+2 0 { 1<2M+1> 2\ +2 (L™ +1

a =" [Qu+1/(n+ D], a=I""[Qu+2)/(1+2)F.
Proof. In this proof, we always assume v > vg. By Lemma 3 and Lemma 4,
T(v) = Q"S"K",$"Q.
Since Q is also an unitary matrix, we by unitary invariance of 2-norm have

i,jekb. (319)

ITW)]12 = [IS"KESY |12 = max ||Tyjll2,  Tij=S}Ky S},
i, jeKb

Hence, we only need to prove [|Tjjl|2 < Co(v — 2)~1, vi, j e KP. By straightforward calculation,

T = MM, TMJ—dlag(rM M]) Tt dlag(r,M, r2v W) i,jeK.

Hence,
2v
+2 C
max § max ||T;;||2. max | T :ll2 b < (2 < =0 (3.20)
ieKb jeKr J 2 +2 v—2
Now, we consider estimation of ||Tjj||2 (i, j € K). Let || - ||[r denote Frobenius norm. Then, it suffices to show ||Tjj||F <

Co(v—2)7" (i, j € K"), since ||Tjj|[2 <||Tjj||r. We also denote by Tyy, Tjj with x=cj, y =a; when i, j e K", iie. To,a; = Tjj
for any i, j € K'. Again, by straightforward calculation,
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Eo(x,y) Eq1(x,y) E2(x,y) Es3(x,y)
Fo_ E1(x,y) Eo(x,y) E3(x,y) E2(x,y)
X Ex(x,y) E3(X,y) EoRx,y) E1(X,y)
E3(x,y) Ex(x,y) E1(X,¥) EoX )

where
Eolx, ) =r?'(x, 1) [1- 728 ) | E1(x y) = [rtx, yrx, )] ¥y e, ),

Ex(x,y) =[r(x, yr&, y)]" xx7*g(x, y), E3(x,y) =[r(x, y)rx, 1" xxyyg(x, ),

2ux+271y* 42y 4(ax+by) +y - -
rx.y) = LT gy = IOV g xy=1-y.
4ux+y* +2 4 (axx +byy) + vy
Note that
) 3
max [[Tjllp < sup [[Tuyllr <2 | Y sup |Eix, ).
i,jekr x,y€(0,1) izo %ye©,1)
Hence, it suffices to show
Co )
sup [Eix,y)| < ——-, Vie{0,1,2,3}.

x,y€(0,1) 4(v—-2)

We recall that both y and y* have nonnegative real parts, which will be frequently used in this proof.

4axx(1 — Xy%) + 4byy(1 — X9 + y (1 — ¥*5?)
4(axx +byy) +y

2v

sup [Eo(x, y)I= sup [r(x,y)]
x,y€(0,1) x,y€(0,1)

< sup (1-XP)rx, »*
x,y€(0,1)

< SUP{ sup [rGe, YIPY, sup [r(x, y)I* [1—222?2]}
x€(0,1) | y€[0.5,1) y€(0,0.5]

< max 1 su V11— %y
< 37> Sup - sup [r(x, y)l Xy7i-
2%V e(0,1) ye(0,0.5]

Since 1 — %252 = (1 —Xy)(1 +X9) <2(x+y),

sup sup_[r(x ) [1-#5%| <2 sup  sup [r(x p) (k)
x€(0,1) ye(0,0.5] x€(0,1) ye(0,0.5]

X 1 2v
<2| sup (M + ) x+ sup (1—y)?Vy|.
xe0,1) \2Ux +1 y€(0,0.5]

By solving [(1 — y)z"y]/ =0, it is easy to find that

max (1— 2y — 2v \/ 1 1
y€l0,0.5] yoy= 20+ 1 2041/~ 2v+1°

Let f(x) =x(ux+1)2”(2ux +1)"2". Then

F®0=Qux+ 1D T ux+ D122 + n3 —2v)x+ 11, x€[0,1].

(3.21)

(3.22)

(3.23)

Let g(x) = 2uu%x%> + (3 — 2v)x + 1. Then, it is easy to check that g(x) has a unique zero point x, = (4u)~'[2v — 3 —

+/4v2 —12v + 1] over the domain (0, 1]. And it holds that
g(x) >0, Vx € (0,x,), g(x) <0, Vx € [x4, 1].
In addition, f(x) <x, Vx € [0, 1]. Therefore,

xrer}gﬁl F&) = fx) < x4

(3.24)
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Note also that
[4[(2\) —3)2 81795 1 [2v —3)2 — 8]0'5]2 =16[2v —3)% — 8] 1+ 2v —3)> > (2v — 3)?
—
4402 — 120+ 1195 > 20 — 3 —/402 — 120 + 1.
Hence,
X < 42— 120+ 117 < "2 — 12041 -4+ 1517 = v -2)7.
By (3.24) and (3.25),

X

-1 -1
g}gfl()f(x)f(m) v—=2)"".

By (3.21), (3.22), (3.23) and (3.26),

1 27w 141 C
sup IEo(x,y)lsmaX{T, e+ )}s °_
x,y€(0,1) 24V v—2 4(1) — 2)
- v~~ | 4(axXy + bxyy Bi) + Xy
sup |E1(x,y)l= sup [r(x, y)r(x,y)I'xy — Y
x,ye(0,1) x,ye(0,1) 4(axX +byy) +y

< sup |r(x, )rx, yI’ < maX{ max_|r(x,1—y)”, max Ir(x,y)l”}
x,y€(0,1) x€(0,1) | y€(0,0.5] ye[0.5,1)

v
<l< pA1 < Co .
2 - \2u+1) “av-2

Similarly to (3.28), one can prove that

sup |E3(x, )| < Cod™'(v—2)"1.

x,y€(0,1)
- .. |4(axXy + bxyy) + xyy
sup |Ea(x,y)|= sup Ir(x,y)r(x,y)l”xy‘ - -
x,y€(0,1) X,y€(0,1) 4(axx +byy) +y

< sup [rx, YI"Irx, y)I" < sup { sup , sup le(x,y)r(ic,y)l“}
x,y€(0,1) xe(0,1) | ye(0,0.5] ye[0.5,1)

1
<max{ sup |r(x,0)r(x,0)|", —
Le(o,]) 22U

Qux+1)QRux+1)| ' 22v

<max{ sup
x€(0,1)

[ (Ux+1)(ux+ 1) } 1 ]

Let ®(x) = [(ux + 1)(u&X + 1)]” [Qux+1)@ux+ 1)]‘“. Since ®(x) = ®(1—x), Vx € [0, 1]. Hence, rr%g)g] d(x) =

Since
22u+3)2x—1
max ®'(x) = went3)ex-1 <0.
x€[0,0.5] x€[0,0.5] [4u2x(1 — x) + 2 + 112
Therefore,
1 %
max ®(x) =P (0) = ( mt ) .
xe[0,1] 2u+1
By (3.30) and (3.31),
sup [E>(x, y)| < 0
2(x, S —,
x,ye(0,1) 4(v —2)

which completes the proof. O
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(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

max d(x).
x€[0,0.5]

(3.31)

(3.32)
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3.2. The convergence analysis of MGM

In this subsection, we show the convergence of MGM(v, q). Denote by M(v, ), the iteration matrix of MGM(v, q). We
denote by M;(v, q), T;(v), Si, M(v, q), T(v) and S with M = M; respectively. Also, we denote by 1;71, I~ the interpolation

i
operator and restriction operator between level i — 1 and i. Then, M;(v, q) with positive integer i > 3 can be written as [10]

M;(v, @) =T;(v) +S/L_ M/, (v, Wi'S}, i>4, (3.33)

) N . .. .
where W;_1 = (A(’*l)) l:._lA(”, Ms (v, q) = T3(v). Denote by Q;, Qy, Q on fine grid and coarse grid, respectively. Neglect

superscript and subscript of Wf’l, and rewrite it as W,ﬁ’ .

Lemma 6. (See [10, Theorem 8.1.2-3])

1, =Q PQy = QFdiag(P11, s Pipys D125 s Dias w-eves Pt -+ Diniir) Q-

W,I;I :Q}:IVAV}I;IQ]—, = QLdiag(Vm e ‘71\_/11’ \712, ey ‘71\712’ ...... , \711\71, ey VMM)Qha
with
ind, i, ijek, a1l Ay, i jeK,
. Jlo.0", i=M, jeK', g J10.0]. i=M, jeK,
Pi=100I", ek, j=m, ° Y7 io,01, iek’, j=Mm,
0, i=M, j=M, 0, i=M, j=M,

where ﬂ,‘,(i, s i#(i, 03 Ziij, A;IU) are all given by Lemma 4.

Denote by Sy, S on fine grid. By Lemma 3 and Lemma 6, we immediately obtain

h h h A Th &
IISp T 112 < [ISp 112111 112 < [T 12 = max ||pijll2 = max ||}, j)ll2 =
i,jeKb i,jekr

2 25 (2 2y - ) .
ig}eaﬂé \/4(0‘1' + B; )(ozj + ﬁj) = ﬂ?ﬁr \/4 13 + cos(26)1[3 + cos(20j)] < 2. (3.34)
By Lemma 3, proof of Theorem 5 and Lemma 6,

o A A N N
IW}'Spll2 = max [|VijSiill2 < max [|Vijll2 < max ||Vijll2 <
i,jekb i, jekb i, jeKr

sup \/4‘l [IXyg(x, Y)I? + [Xyg(x, )I? + [xyg (X, y)|? + [xyg (X, YI*1 < 1, (3.35)
x,y€(0,1)
where x, y, X, y, g(x, y) are notations used in the proof of Theorem 5. Actually, Theorem 5, (3.33), (3.34) and (3.35) provide
following recursive inequalities

Co q ;
= F2Mi1 (v, ll;, Vi=4,
[IM; (v, ]2 < {250” i:31 2

2—v?

Yv > v, (3.36)
where both Cp and vy are given by Theorem 5. With (3.36), we have following theorem.

Theorem 7. (See [10, Lemma 7.1.6]) Let q > 2. Take

Coq(2q)@—D7" C
U*=maxlw+2,\)0 , C* = Oq.
q—1 q—1
Then,
S
sup [[M; (v, @)l|2 < Yu > V¥,

i>3 v—2

where vg and Cq are given by Theorem 5.

By Theorem 7, we see that the convergence rate of MGM(v, q) (g > 2) can be controlled by v. Moreover, MGM(v, q)
(@ = 2) has a small convergence rate independent of both matrix size and y whenever v is large enough. This implies
that Algorithm 2 converges within @(1) iterations. Hence, it follows from Theorem 2 that Algorithm 2 requires O(M?)
operations for q € {2,3} and properly large v. Finally, since there are [N/2] 4+ 1 linear systems in (2.11) needing to be
solved, we conclude that (2.11) requires O(NM?) storage and O(NM?) operations by using Algorithm 2.
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4. Numerical results

In this section, we use two examples to test AIMGM. All numerical experiments are performed via Console Application
Visual C++ in Visual Studio 2012 on a PC with the configuration: Intel(R) Core(TM) i5-4590 CPU 3.30 GHz and 8 GB RAM.
For the choice of approximation of Caputo’s derivative OCDf‘ in (2.1), we refer to L1 formula in [24] such that

@ [T9T 2 — )], k=0,

k= 1-a 1—-«a 1—ayr+o -1 (4.1)
[(k+ D% —2k1% 4 (k— D[22 - )", 1<k<N-1,

gh® == k" T@ -1, 1<k=N. (4.2)

Define spatial grids x; =x, +ihy 0<i<M+1), yj=yr+jha O<j<M~+1), hy = xg —x)/(M+1), hy = (ygr —
y1)/(M 4+ 1). For any function v(x, y) defined on 2, denote by v;j, v(x;,y;) for i, j € {0,1,...,M 4+ 1}. Then, the central
difference approximation to —V-(p(x, y)Vv) is defined as follows
- V'(p(x5 .V)VV)|(xi,yj) ~
Piv1 jVij = Vit ) + Pt j(Vij = Vie1,j) N Pijr1Vij = Vijr1) +P; ;1 (Vij = Vij-1)

hi h

(4.3)

where
Ditsy,jrs, =PXL+({+s1)xhy,yr+(+s2)xhy), 1<i,j<M, s1,52€{-1/2,0, 1/2}.

It is easy to check that (4.2), (4.1) and (4.3) satisfy assumption (2.7) and (2.8). Hence, we use (4.2), (4.1) and (4.3) in all
experiments in this section. Moreover, we choose zebra-line Gauss-Seidel (ZLGS) smoother [10] in numerical experiments
of this section since it has better numerical performance, although we prove convergence of MGM with WB] smoother in
last section. In details, A and y in (3.1) resulting from (4.3) have following form

G H;
H G H zl
2
A= ,y= . ,Gi,HiE(CMXM, y,-e(CMXI,
Hy-2 Gu-1 Hm- y.
Hy_1 Gum M
~ i, L d d 1dy7]"
where G;’s are all nonsingular tridiagonal blocks. Let x°'¢ be an initial guess of x such that x°'¢ = [(xg’ )T, (xgl oo, 3 )T]
with x%d € CM*1_ Then, one iteration of ZLGS relaxation is defined as

i

i i i+1

XMW = G (y; — Hi_gx™Y — Hix™V), i odd.

[xﬂew =G (y,- — Hj_ x4 — Hix?ld ) , ieven,
i+1

Moreover, we still use l,’f and l’}_, defined by (3.10) in this section.

According to the suggestion in [15], we set € = 0.5 x 10~8 to test the approximation method. Although Theorem 7 implies
linear convergence only under the condition of large v and q > 2, MGM(1, 1) shows a linear convergence in numerical
results. Hence, we choose v =¢q =1 in this section for minimizing number of operations each MGM iteration required.

Define the relative error

where we denote by u and u denote exact solution, approximate solution derived from some numerical method to the
FSDE (1.1)-(1.3) on the gird £2; x {ts|1 <n < N} respectively. Note that AIMGM only requires to solve first [N/2] + 1 linear
systems in (2.11) by using Algorithm 2. Hence, we denote by “iter”, the average iteration number for Algorithm 2 solving
the [N/2] + 1 linear systems. We also denote by CPU, the running time of some algorithm by unit second.

Example 1. ([24]) In this example, we consider the problem (1.1)-(1.3) with
2—a
r'sé—ow

on the domain £2 x [0, 0.5], where §£2 = (0, ) x (0,7). We solve the problem in Example 1 with AIMGM and BD-ADI
scheme [24] respectively. And the results are listed in Table 1 and Table 2.

u(x, y,t) = sin(x) sin(y)tz, f(x, y,t) =sin(x) sin(y) [ + 2t2} , px,y)=1,
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Table 1
CPU time and temporal order of AIMGM and BD-ADI scheme when M + 1 =512,
o N AIMGM BD-ADI
iter CPU En.m CPU En.m
1/6 8 7.0 1263 s 1.1331e-3 014 s 4.0907e—2
16 7.0 2.262 s 3.4622e—4 0.265 s 1.9345e—2
32 7.0 4461 s 1.0557e—4 0.639 s 8.8761e—3
64 7.0 8.658 s 3.2656e—5 184 s 4.0137e—3
1/2 32 8.0 4976 s 1.1615e—3 0.624 s 6.5003e—4
64 8.0 9.765 s 41761e—4 1.809 s 2.2950e—4
128 8.0 19.578 s 1.5016e—4 14.57 s 7.9873e—5
256 8.0 39.686 s 5.4395e—5 76.248 s 2.7126e—5
0.99 100 8.9 16.854 s 5.7608e—3 6.938 s 5.9007e—3
200 8.9 34379 s 2.8715e—3 42,692 s 2.9395e—3
400 8.9 68.53 s 1.4056e—3 220.614 s 1.4623e—3
800 8.7 134316 s 7.0614e—4 921213 s 7.2712e—4
Table 2
CPU time and error of AIMGM and BD-ADI scheme when N =2'3, o = 0.01.
M+1 AIMGM BD-ADI
iter CPU En.m CPU En.m
4 1.0 0.015 s 3.4545e—-2 0.534 s 3.4474e—-2
8 5.0 0171 s 8.5479e—3 2.685 s 8.4773e—-3
16 6.0 0.826 s 2.1321e-3 28.796 s 2.0590e—-3
32 7.0 3.946 s 5.3271e—4 250.910 s 4.5946e—4
64 7.0 16.309 s 1.3245e—4 1539.707 s 5.9896e—5
128 7.0 66.87 s 3.3016e—5 8394.270 s 3.9975e—5

Table 1 and Table 2 show that CPU cost of BD-ADI increases much faster than that of AIMGM when N and M increase,
which well reflects that AIMGM and BD-ADI require O(M?N log N), O(M?N?) operations, respectively. Especially, in Table 2,
AIMGM runs even 124 times faster than BD-ADI when M = 127. Moreover, the average iteration number of MGM changes
slightly in both Table 1 and Table 2, which implies a good convergence result of MGM. In addition, from Table 1 and
Table 2, we note that error reduction rate of AIMGM is higher than that of BD-ADI scheme in Table 1 and accuracy of the
two schemes are comparable with each other in Table 2, which matches convergence analysis in [24]| well. Finally, it is
noticeable that when o = 1/6, AIMGM is much more accurate than BD-ADI in Table 1 although it runs a little slower than
BD-ADI at that case.

Example 2. In this example, we consider the problem (1.1)-(1.3) with

T (4)xyt3—
Foy, )= ST pxy +2 + ),
F4—-a)

P(x, y) =exp(xy), u(x, y,t) =xyt>,

on the domain £2 x [0, 0.5], where 2 = (—1,1) x (—1, 1). As mentioned in Section 1, the block forward substitution method
may work with some iterative method. Here, we combine the block forward substitution method with MGM, which is called
BFSMGM. In details, the algorithm of BFSMGM for solving the linear system (2.2) is given by

Algorithm 3 BFSMGM.

solve (B + gé">l,v,z> u' =b' with Algorithm 2;
for k=2:N
f=b;
fori=1:k—1
f=f—gu’;
end
solve (B + g(()a>le) uk = f with Algorithm 2;

end

Since BD-ADI scheme is only available in the case that p(x, y) is constant, we solve the problem in Example 2 with only
AIMGM and BFSMGM respectively. Note that there are N linear systems need to be solved by Algorithm 2 in Algorithm 3.
Thus, we denote ’iter’ as the average iteration number of BFSMGM. The results are listed in Table 3, Table 4.
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Table 3
CPU time and error of AIMGM and BFSMGM when M + 1 =512,
o N AIMGM BFSMGM
iter CPU En.m iter CPU En.m
1/6 32 7.0 4.727 s 2.6110e—5 7.0 4851 s 2.6110e—5
64 7.0 9.344 s 7.8700e—6 7.0 9.952 s 7.8784e—6
128 7.0 18.798 s 2.3455e—6 7.0 20.592 s 2.3381e—6
256 7.0 38.110 s 6.7767e—7 7.0 44,694 s 6.7846e—7
512 7.0 76.191 s 1.8332e—7 7.0 102.349 s 1.8663e—7
1/2 50 7.0 7316 s 1.5970e—4 7.0 7.706 s 1.5970e—4
100 7.0 14.405 s 5.7553e—5 7.0 15.646 s 5.7548e—5
200 7.0 29.491 s 2.0605e—5 7.0 33.617 s 2.0605e—5
400 7.0 59.099 s 7.3412e—6 7.0 75.686 s 7.3414e—6
800 7.0 120358 s 2.6017e—6 7.0 185.494 s 2.6034e—6
0.99 50 7.0 7285 s 3.2581e—-3 7.0 7722 s 3.2582e—3
100 7.0 14430 s 1.6240e—3 7.0 15.990 s 1.6241e-3
200 7.0 29.564 s 8.0791e—4 7.0 33.994 s 8.0827e—4
400 7.0 59.049 s 4.0154e—4 7.0 75.666 s 4.0256e—4
800 7.0 121.269 s 1.9948e—4 7.0 184.845 s 2.0169e—4
Table 4
CPU time and error of AIMGM and BFSMGM when N = 15000, o = 0.01.
M+1 AIMGM BFSMGM
iter CPU Enm iter CPU En.m
4 1.0 0.031s 5.7306e—4 1.0 0.920 s 5.7306e—4
8 5.0 0312 s 1.1432e—4 5.0 3478 s 1.1432e—4
16 6.0 1.560 s 2.3803e—5 6.0 21918 s 2.3803e—5
32 6.0 6.661 s 5.3799e—6 6.0 76.448 s 5.3797e—6
64 7.0 30.992 s 1.2683e—6 7.0 328.002 s 1.2683e—6
128 7.0 127977 s 3.0824e—7 7.0 1370.954 s 3.0795e—7

Table 3 and Table 4 well reflect that AIMGM and BFSMGM require O(M2N log N), O(M?N?) operations, respectively.
Especially in Table 4, AIMGM runs much faster than BFSMGM. Iteration numbers of MGM in both Table 3 and Table 4
varying slightly also imply linear convergence of MGM. Accuracy of AIMGM and BFSMGM are comparable with each other
in both Table 3 and Table 4.

5. Concluding remarks

In this paper, we have proposed and studied AIMGM consisting of the approximation method (2.9)-(2.12) and multigrid
method as a fast solver for solving the FSDE (1.1)-(1.3). Theoretically, sufficient conditions (2.7) and (2.8) are exploited to
guarantee high accuracy of the approximation method. The convergence of MGM in the case of constant coefficients is
shown for this special complex shifted Laplacian linear system. Both complexity analysis and numerical results show that
AIMGM requires O(M?2N log N) operations which is remarkably cheaper than that of both BD-ADI scheme and BFSMGM as
shown in numerical experiments in Section 4. In addition, complexity analysis in Section 3 shows that AIMGM requires
O(NM?) storage, which implies @(NM?) memory requirement of AIMGM. It is interesting to consider AIMGM for higher
dimensional problem of fractional sub-diffusion equations for future research work.

References

[1] O. Agrawal, Solution for a fractional diffusion-wave equation defined in a bounded domain, Nonlinear Dyn. 29 (2002) 145-155.

[2] A. Alikhanov, A new difference scheme for the time fractional diffusion equation, J. Comput. Phys. 280 (2015) 424-438.

[3] D. Bini, Parallel solution of certain Toeplitz linear systems, SIAM J. Comput. 13 (1984) 268-276.

[4] J. Bouchaud, A. Georges, Anomalous diffusion in disordered media: statistical mechanisms, models and physical applications, Phys. Rep. 195 (1990)
127-293.

[5] H. Brunner, L. Ling, M. Yamamoto, Numerical simulations of 2D fractional subdiffusion problems, J. Comput. Phys. 229 (2010) 6613-6622.

[6] J. Chen, F. Liu, Q. Liu, X. Chen, V. Anh, L. Turner, Numerical simulation for the three-dimension fractional sub-diffusion equation, Appl. Math. Model. 38
(2014) 3695-3705.

[7] S. Chen, F. Liu, X. Jiang, I. Turner, K. Burrage, Fast finite difference approximation for identifying parameters in a two-dimensional space-fractional
nonlocal model with variable diffusivity coefficients, SIAM J. Numer. Anal. 54 (2016) 606-624.

[8] G. Golub, C. Loan, Matrix Computations, 3rd edition, Johns Hopkins University Press, Baltimore, 1996.

[9] M. Gupta, R. Manohar, J. Stephenson, High order difference schemes for two-dimensional elliptic equations, Numer. Methods Partial Differ. Equ. 1
(1985) 71-80.

[10] W. Hackbusch, Multigrid Methods and Applications, Springer Science and Business Media, 2013.


http://refhub.elsevier.com/S0021-9991(16)30326-6/bib4F2E502E4167726177616C2D32303032s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib616C696B68616E6F766161s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib42696E69s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib4A2E426F7563686175642D31393930s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib4A2E426F7563686175642D31393930s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib4272756E6E65724832303130s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6368656E2D6C69752D6C69752D32303134s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6368656E2D6C69752D6C69752D32303134s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6368656E2D6C697532303136s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6368656E2D6C697532303136s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib476F6C75622D4C6F616Es1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib67757074616D6Ds1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib67757074616D6Ds1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib4861636B6275736368572D32303133s1

218 X.-1. Lin et al. / Journal of Computational Physics 323 (2016) 204-218

[11] X. He, T. Lin, Y. Lin, Immersed finite element methods for elliptic interface problems with non-homogeneous jump conditions, Int. J. Numer. Anal.
Model. 8 (2011) 284-301.

[12] R. Hilfer (Ed.), Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

[13] C. Ji, Z. Sun, The high-order compact numerical algorithms for the two-dimensional fractional sub-diffusion equation, Appl. Math. Comput. 269 (2015)
775-791.

[14] E. Lin, W. Ching, M. Ng, Fast inversion of triangular Toeplitz matrices, Theor. Comput. Sci. 315 (2004) 511-523.

[15] X. Lu, H. Pang, H. Sun, Fast approximate inversion of a block triangular Toeplitz matrix with applications to fractional sub-diffusion equations, Numer.
Linear Algebra Appl. 22 (2015) 866-882.

[16] R. Lynch, J. Rice, High accuracy finite difference approximation to solutions of elliptic partial differential equations, Proc. Natl. Acad. Sci. 75 (1978)
2541-2544.

[17] R. Metzler, ]J. Klafter, The random walk’s guide to anomalous diffusion: a fractional dynamics approach, Phys. Rep. 339 (2000) 1-77.

[18] 1. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.

[19] T. Solomon, E. Weeks, H. Swinney, Observation of anomalous diffusion and Lévy flights in a 2-dimensional rotating flow, Phys. Rev. 71 (1993)
3975-3979.

[20] R. Stenberg, On some techniques for approximating boundary conditions in the finite element method, J. Comput. Appl. Math. 63 (1995) 139-148.

[21] E Zeng, C. Li, F. Liu, I. Turner, Numerical algorithms for time-fractional subdiffusion equation with second-order accuracy, SIAM J. Sci. Comput. 37
(2015) A55-A78.

[22] F. Zeng, C. Li, E. Liu, I. Turner, The use of finite difference/element approximations for solving the time-fractional subdiffusion equation, SIAM ]. Sci.
Comput. 35 (2013) 2976-3000.

[23] J. Zhao, T. Zhang, R. Corless, Convergence of the compact finite difference method for second-order elliptic equations, Appl. Math. Comput. 182 (2006)
1454-1469.

[24] Y. Zhang, Z. Sun, Alternating direction implicit schemes for the two-dimensional fractional sub-diffusion equations, J. Comput. Phys. 230 (2011)
8713-8728.

[25] M. Zheng, F. Liu, V. Anh, L. Turner, A high-order spectral method for the multi-term time-fractional diffusion equations, Appl. Math. Model. 40 (2016)
4970-4985.


http://refhub.elsevier.com/S0021-9991(16)30326-6/bib68657832303131s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib68657832303131s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib68696C6665727275646F6C662D32303030s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6A696373756E7A2D32303135s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6A696373756E7A2D32303135s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6C696E662D32303034s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib4C75582D32303135s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib4C75582D32303135s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6C796E6368726531393738s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib6C796E6368726531393738s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib522E4D65747A6C65722D32303030s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib506F646C75626E7931393939s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib542E482E536F6C6F6D6F6E2D31393933s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib542E482E536F6C6F6D6F6E2D31393933s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7374656E6265726772s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A656E672D6C692D6C69752D32303135s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A656E672D6C692D6C69752D32303135s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A656E672D6C692D6C69752D32303133s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A656E672D6C692D6C69752D32303133s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A68616F6As1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A68616F6As1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib5A68616E672D53756Es1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib5A68616E672D53756Es1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A68656E672D6C69752D616E682D32303136s1
http://refhub.elsevier.com/S0021-9991(16)30326-6/bib7A68656E672D6C69752D616E682D32303136s1

	A fast accurate approximation method with multigrid solver for two-dimensional fractional sub-diffusion equation
	1 Introduction
	2 The approximation method
	3 The multigrid solver
	3.1 The convergence analysis of two grid method
	3.2 The convergence analysis of MGM

	4 Numerical results
	5 Concluding remarks
	References


